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We discuss the physics of stochastic particle acceleration in relativistic magnetohydrodynamic
(MHD) turbulence, combining numerical simulations of test-particle acceleration in synthetic wave
turbulence spectra with detailed analytical estimates. In particular, we study particle acceleration
in wavelike isotropic fast mode turbulence, in Alfve´n and slow Goldreich-Sridhar type wave tur-
bulence (properly accounting for anisotropy effects), including resonance broadening due to wave
decay and pitch-angle randomization. At high particle rigidities, the contributions of those three
modes to acceleration are comparable to within an order of magnitude, as a combination of several
effects (partial disappearance of transit-time damping for fast modes, increased scattering rate for
Alfve´n and slow modes due to resonance broadening). Additionally, we provide analytical argu-
ments regarding acceleration beyond the regime of MHD wave turbulence, addressing the issue of
nonresonant acceleration in a turbulence comprised of structures rather than waves, as well as the
issue of acceleration in small-scale parallel electric fields. Finally, we compare our results to the
existing literature and provide ready-to-use formulas for applications to high-energy astrophysical
phenomenology.
DOI: 10.1103/PhysRevD.102.023003
I. INTRODUCTION
The physical mechanisms that govern energy dissipa-
tion and conversion in astrophysical sources and the ac-
celeration of particles, from subrelativistic momenta to
the most extreme observed cosmic-ray energies, are long-
standing problems in space plasma physics and high-
energy astrophysics. Magnetized turbulence plays a cen-
tral role in this field, whether directly or indirectly. At
the least, it provides the essential scattering agent at the
core of diffusive shock acceleration [1,2], and reconnec-
tion itself is intimately linked to turbulence, either be-
cause turbulence generates reconnection, e.g., Ref. [3],
or the converse [4]. Electromagnetic turbulence indeed
provides an efficient source of particle acceleration, fol-
lowing Fermi’s original idea [5] that a particle interacting
with randomly moving magnetic mirrors of typical veloc-
ity dispersion βmc gains energy in a stochastic manner
at a rate ∝ βm2c2. Such stochastic acceleration has been
invoked to explain high-energy emission in a variety of
astrophysical environments, from solar system plasmas
to the remote high-energy Universe, e.g., impulsive solar
flares [6], the Galactic center [7], accretion disks [8], pul-
sar wind nebulae [9], galaxy clusters [10], active galactic
nuclei [11], gamma-ray bursts [12], etc.
Astrophysical collisionless turbulence is commonly de-
scribed as an energy cascade spanning orders of magni-
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tude in length scales, from a large stirring scale down to
the small wavelengths of dissipative physics, with, in gen-
eral, most of the fluctuation power in velocity and elec-
tromagnetic fields being carried by the larger scales. The
usual order-of-magnitude timescale for particle acceler-
ation reads tacc ∼ tscatt/β2m, where tscatt represents the
scattering timescale, i.e., the time needed for the particle
to start diffusing in the turbulence. Hence, for the pur-
pose of accelerating particles to high energies in cosmic
plasmas, which is the main theme of this paper, one is in-
terested in particles interacting with large-scale modes of
a fast-moving turbulence spectrum: large scale, because
the scattering timescale is a growing function of energy,
and fast moving because of the scaling of the acceleration
timescale. Here, we will thus be interested in the physics
of particle interactions with relativistic ideal magneto-
hydrodynamic (MHD) turbulence, the ideal Ohm’s law
being applicable on the scales of interest.
How particles gain energy in a turbulent setting can
be addressed using a variety of theoretical or numerical
tools. Quasilinear theory (QLT), e.g., Ref. [13], provides
an analytical estimate of the various diffusion tensor com-
ponents to first order in the spectrum of electromagnetic
fluctuations, which are commonly described as a sum of
linear eigenmodes of the plasma. In the ideal MHD ap-
proximation, those are the incompressible Alfve´n modes
(thereafter indexed with A) as well as the fast and slow
magnetosonic modes (indexed by F and S), while en-
tropy modes, pure density perturbations advected with
the medium, do not play any role. Recent nonlinear ex-
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2tensions allow to include part of the perturbative expan-
sion in turbulent fluctuations by introducing corrections
to the particle trajectory, e.g., Ref. [14] and references
therein. An important outcome of quasilinear calcula-
tions is the existence of resonant particle-wave interac-
tions which provide possibly fast scattering rates, hence
short acceleration timescales. However, whether colli-
sionless turbulence can be realistically described as a sum
of waves is a long-standing debate; see, e.g., Ref. [15] for
a recent appraisal. Furthermore, the intrinsic anisotropic
nature of modern MHD turbulence theories [16] prohibits
particle-wave resonances [17]. Hence, nonresonant phe-
nomena, corresponding to the interaction of particles
with nontrivial velocity structures, are likely to play a
role, and our investigation will confirm this point of view.
On the numerical front, the physics of transport and
acceleration can be probed i) by following test particles
in a synthetic turbulence generated from a sum of plane
waves, e.g., Refs. [18–20]; ii) by following test particles in
full three-dimensional (3D) MHD simulations [21,22]; or
iii), more recently, from 3D particle-in-cell (PIC) simula-
tions [23–27]. While the latter method offers a fully ki-
netic picture of the collisionless turbulence, from plasma
length scales upward, thus allowing, in particular, a self-
consistent treatment of the early injection and accelera-
tion stages, MHD simulations provide a useful represen-
tation of the largest length scales with a potentially large
dynamic range. Although the first method i) remains
subject to the criticism of describing the turbulence as
a superposition of linear waves, it allows to relate in a
direct way the theoretical predictions for acceleration to
the assumptions of the model and to probe effects beyond
quasilinear theory. It therefore represents an interesting
tool to interpret the results of more evolved simulations,
which remain expensive if there are to cover a reason-
able dynamic range, and are, besides, possibly sensitive
to some degree, to how the turbulence is initialized.
Hence, the above analytical and numerical methods
nicely complement each other and we adopt this stance in
the present paper. More specifically, we combine theoret-
ical arguments borrowed from quasilinear and extended
quasilinear theories as applied to modern turbulence the-
ories to derive predictions for acceleration in relativis-
tic MHD wave turbulence, which we compare to test-
particle simulations. With respect to previous work on
this topic, our work improves on Ref. [19], which con-
sidered an isotropic bath of Alfve´n waves and neglected
resonance broadening effects; it improves on Ref. [28],
which considered isotropic turbulence of pure fast, slow
and Alfve´n waves, by taking into account the effect of
anisotropy and mode decay in the turbulence spectrum;
it also improves on Ref. [20] by paying attention to the
alignment of small-scale modes to the local large-scale
magnetic field, which has dramatic consequences on the
acceleration physics, as we show; we also improve on the
previous semianalytical studies of Refs.[13,17] by consid-
ering the relativistic regime of wave phase velocities. Fi-
nally, we also provide original theoretical estimates for
turbulent acceleration in the absence of resonant wave-
particle interactions.
Our paper is laid out as follows. Section II addresses
the case of a pure fast mode turbulence, Sec. III that of
a pure slow mode turbulence, and Sec. IV that of pure
Alfve´n turbulence. For each, we compare analytical pre-
dictions to numerical simulations. In Sec. V, we discuss
some aspects of stochastic acceleration outside the realm
of ideal MHD wave turbulence, i.e., we provide estimates
for nonresonant acceleration and characterize the influ-
ence of small-scale violations of Ohm’s law. Our numeri-
cal and analytical results are brought together in Sec. VI
and compared to recent ab initio simulations of turbulent
acceleration. Finally, we provide a summary in Sec. VII.
Unless otherwise noted, we assume ultrarelativistic par-
ticles and use units such that c = 1.
II. FAST MODE TURBULENCE
Simulations of subrelativistic compressible MHD tur-
bulence seem to indicate that Alfve´n and slow magne-
tosonic modes are the main contributors to the kinetic
and/or magnetic energy spectra, with little contribution
from fast magnetosonic modes [16,29,30], although re-
cent work [31] indicates that this very result depends
on how turbulence is driven at the outer scale. In any
case, this does not exclude that fast modes can influ-
ence particle acceleration, depending on their scattering
efficiency. Besides, simulations by [32] suggest that in
the relativistic regime, fast modes are strongly coupled
to Alfve´nic modes and maintain a substantial fraction of
energy, which furthermore tends to increase with magne-
tization.
Given the variety of numerical setups used to simulate
MHD turbulence, the size of the parameter space to be
probed (e.g., the β-parameter of the plasma, the mag-
netization, the strength of the turbulence, etc.) and the
large uncertainty on the scaling laws obtained from sim-
ulations or observations, it is still not clear which of the
available phenomenology, e.g., Refs. [16,33–36], appears
best suited to describe the properties of the cascade for
these different modes. Here, we rely on the general result
that emerges from theoretical considerations and simula-
tions in the subrelativistic limit, which defines the cas-
cade of fast modes as isotropic, with a power-spectrum in-
dex around 1.5–1.7, and an anisotropic cascade of Alfve´n
modes and (passive) slow modes, a` la Goldreich-Sridhar.
A. Theoretical predictions
For fast modes, we introduce the power spectrum
SFk =
η
1− ηB
2
0
|1− qF|
8pik3min
(
k
kmin
)−qF−2
, (1)
properly normalized over the range of wave vectors k ∈
[kmin, kmax] with kmax  kmin, to the amplitude of
3the magnetic perturbations contributed by fast modes,
2
∫
d3k SFk = ηFB20/(1 − η) = η B20/(1 − η), where the
last equality holds for pure fast mode turbulence and the
factor 2 accounts for the summation over positive and
negative frequencies. Here, η = 〈δB2〉/ (B20 + 〈δB2〉)
characterizes the relative magnitude of the turbulent
magnetic energy density.
The polarization of fast modes in special relativistic
MHD is given by, e.g., Ref. [36],
ωF = ± k√
2
{
βF⊥2 + βA2βs2µk2
+
[(
βF⊥2 + βA2βs2µk2
)2 − 4βA2βs2µk2]1/2}1/2,
(2)
δBk
F = δbk
(
− k‖
k⊥
k⊥
k
+
k⊥
k‖
k‖
k
)
, (3)
δuk
F =
ωF
k
δbk
B0
(
k⊥
k⊥
+
βs
2k⊥
ωF2 − βs2k‖2
k‖
)
, (4)
δEk
F =
ωF
k
δbk
B0 × k⊥
B0k⊥
, (5)
where βA, βs and βF⊥ =
(
βA
2 + βs
2 − βA2βs2
)1/2
denote
the Alfve´n speed, the sound speed and the fast speed,
respectively. The wave vector k, with modulus k, is de-
composed over a parallel and a perpendicular component
with respect to B0: k‖ = k‖B0/B0, k⊥ = k − k‖, while
µk = k‖/k. The (complex) perturbation amplitude δbk
is related to the power spectrum through SFk = 〈|δbk|2〉.
In our analytical predictions, we neglect the depen-
dence on µk of the phase speed, βF; in particular for
βAβs  βF⊥, we use the simplified dispersion relation
ωF ' ±βF⊥k, which provides a good approximation over
the range of µk ∈ [−1, 1], while for βA ≈ βs, the value
of βF is set to the average over µk of the phase speed.
These analytical predictions are obtained through quasi-
linear theory, which evaluates the second-order moments〈
∆µ2
〉
and
〈
∆p2
〉
by direct integration over the elec-
tromagnetic fields that the particle experiences over a
trajectory which is described by the zeroth-order gyra-
tion around the background magnetic field; see Ref. [13]
for details. Everywhere in this paper, µ represents the
pitch-angle cosine of the particle with respect to the back-
ground magnetic field, and p represents its momentum;
hence µ = p‖/p.
A detailed application of quasilinear theory then pro-
vides the following form for the diffusion coefficients:
D˜Fµµ =
Ω2pi2(1− µ2)
2B20
∑
±
+∞∑
n=−∞
∫ kmax
kmin
dk
×
∫ 1
−1
dµkRk [Jn+1(z⊥)− Jn−1(z⊥)]2
× [(kµk − µωF)2 + γ2dµ2ω2F] SFk , (6)
D˜Fpp =
Ω2pi2p2(1− µ2)
2B20
∑
±
+∞∑
n=−∞
∫ kmax
kmin
dk
×
∫ 1
−1
dµkRk [Jn+1(z⊥)− Jn−1(z⊥)]2
× ω2F(1 + γ2d)SFk , (7)
with the following notations: the sum over ± sums over
positive and negative real frequencies ωF, while that over
n runs over the harmonics of the gyrofrequency; γd > 0
accounts for the possible finite lifetime of modes, i.e., the
full mode pulsation ω = ωF − iγd|ωF|; Ω = c/rg =
eB0/p and z⊥ ≡ k⊥Ω−1
√
1− µ2.
Finally, Eqs. (6) and (7) can be averaged over µ to
obtain the quasilinear predictions for the diffusion coef-
ficients for an isotropic population of particles, Dµµ and
Dpp, linked by the relation
Dpp ∼ p2β2FDµµ. (8)
Below, we provide the theoretical scalings for Dµµ; those
for Dpp can be directly obtained through the above rela-
tion.
The resonance function Rk characterizes the interac-
tion between the particle and a given mode. Various
forms for this function in standard and extended quasi-
linear theories, which account for resonance broadening
through wave decay and partial randomization of the par-
ticle pitch-angle cosine, are introduced and discussed in
Appendix A. By wave decay, it is meant that modes are
assigned a finite lifetime, which effectively implies a tem-
poral correlation of finite extent. Here, we do not include
this effect for fast modes, but we will comment on its pos-
sible influence. By contrast, the partial randomization of
the pitch-angle cosine of the particle in a turbulent bath
is guaranteed, because the direction of the total magnetic
field does not coincide exactly with that of B0; hence µ,
which is defined relative to the latter, is effectively a ran-
dom quantity (see Appendix A for details).
Neglecting this effect for the time being, and con-
sidering furthermore γd → 0, we have Rk =
δ(kµkµ− ωF + nΩ), with n ∈ Z, bringing out the in-
finite discrete set of resonances of standard quasilin-
ear theory. The n = 0 resonance describes the Lan-
dau, also called transit-time damping (TTD) resonance,
which results from the interaction of the particle with the
compressive modes moving along the background mag-
netic field [13,37]. The n 6= 0 resonances are described
as Landau-synchrotron, or gyroresonances, between the
particle motion around the background field and the mo-
tion of the mode along the field.
For the above Dirac resonance function, we derive the
following quasilinear scalings in the limit rgkmin  1
(rg = c/Ω the particle gyroradius),
DF-TTDµµ ∼ (1− βF)α
η
1− η (rgkmin)
qF−2 kmin, (9)
DF-Gyrµµ ∼ 0.1
η
1− η (rgkmin)
qF−2 kmin, (10)
4for the quasilinear TTD and gyroresonant contributions
of the pitch-angle diffusion coefficient, where α ≈ 4 is a
(βA-dependent) effective exponent. This scaling reveals
that the transit-time damping contribution is strongly
suppressed in the relativistic limit βF → 1. This is easily
understood from the resonance condition, kµkµ ± βFk =
0, which requires |µ| ≥ βF, hence a superluminal parallel
phase velocity when βF ' 1, thus effectively shutting
down the resonance.
Accounting for resonance broadening restores part of
the transit-time damping contribution in the relativis-
tic limit. To see this, consider the resonance broaden-
ing that results from pitch-angle randomization, with
〈µ〉 ∼ 〈∆µ2〉1/2 ∼ η1/4, as discussed in Appendix A,
for strongly magnetized particles, meaning rgkmin  1.
Then Rk ∝ exp
[
−(µkη1/4 − βF)2 /2η1/2]. At large val-
ues of βF, more specifically βF > η
1/4 where the term
in the exponential cannot vanish, the resonance func-
tion can be approximated by its value at µk = 1 and
a width βF/η
1/4 in µk. One then obtains an estimate
for DF-TTDµµ that is comparable to, albeit sligthly smaller
than, DF-Gyrµµ at βF ∼ 1.
For βF < η
1/4, the resonance kµk〈µ〉 − βFk = 0 can
be met at values |µk| < 1; hence, one recovers the stan-
dard quasilinear result, in which the transit-time damp-
ing contribution exceeds the gyroresonant ones by about
1.5 orders of magnitude.
For particles of large rigidity, meaning rgkmin 
1, the scattering is dominated by gyroresonances be-
cause DF-TTDµµ ∼ η (rgkmin)−3 kmin while DF-Gyrµµ ∼
η (rgkmin)
−2
kmin. The latter scaling is typical of a par-
ticle of gyroradius rg interacting with a turbulence on
coherence scales k−1min  rg.
B. Numerical simulations and discussion
Appendix B presents in detail our numerical procedure
for the Monte Carlo simulations of test-particle trans-
port and acceleration in a given synthetic turbulence,
described as a sum of linear waves. It appears important
to recall here that the electric field is calculated using the
ideal Ohm’s law, see Eq. (B4), rather than as the sum
of the δEk
F modes detailed above, in order to avoid the
emergence of non-MHD effects [38].
Besides those parameters defining the turbulence, qF,
βA, βs, and η, the main (dimensionless) parameter that
pilots the interaction of particles with waves is rgkmin,
with rg larger than the smallest wavelength of the turbu-
lence (rg > k
−1
max), unless specified otherwise. We stress
that these Monte Carlo simulations are, by default, car-
ried out in the rest frame of the unperturbed background
plasma, which does not generally coincide with that of
the plasma including perturbations. This means, in par-
ticular, that the turbulence generally carries a nonzero
bulk velocity, hence a net bulk electric field in the sim-
ulation frame. By contrast, quasilinear predictions are
(implicitly) carried out in a frame in which there is no
bulk electric field. In order to gauge the influence of this
difference of frames, we have carried out additional sim-
ulations for which the initial data of our Monte Carlo
simulations are instead specified in the local fluid rest
frame, in which the motional electric field vanishes by
construction (see Appendix B 2). We will come back to
this subtlety later.
To limit the size of parameter space, we restrict our-
selves to the fiducial values: qF = 5/3, βs ≈ 10−2βA,
η = 0.3. The value of βs exerts no influence on our re-
sults as long as βs  βA, since βF ' βA in this limit.
The quasilinear predictions for the diffusion coefficients
directly scale with η/(1 − η), and we have checked that
this scaling holds in our numerical simulations.
We first show in Fig. 1 the time evolution of various
quantities for βA = 0.7 and rgkmin ≈ 10−3. This figure
illustrates several noteworthy points about the acceler-
ation of particles in a relativistic turbulence. The vari-
ance of the momentum distribution function σ2p can be
described, at early times, by a coherent oscillating pat-
tern of energy gains and losses as particles gyrate around
the background magnetic field and collect the influence
of the perturbations. This modulation remains coher-
ent over the coherence time of the random force that the
particles suffer. Eventually, the stochastic buildup of the
perturbations leads to the decorrelation of the pitch an-
gle, after a time of the order of tscatt, or around 0.3 k
−1
min in
Fig. 1. Particle acceleration occurs soon after, since the
expected acceleration timescale tacc ∼ tscatt/β2A. Once
acceleration takes place, the behavior of σ2p/2t becomes
strongly superdiffusive, because the diffusion coefficient
Dpp is a growing function of energy. In detail, quasi-
linear theory predicts DFpp ∝ pqF , and the solution of
the corresponding Fokker-Planck equation can be shown
to exhibit in this case a momentum evolutionary law〈
p2
〉
1/2 ∼ 〈p〉 ∝ ∆t1/(2−qF) ∝ ∆t3.
Hence, once acceleration starts to operate, the particle
momentum increases at a fast rate until it reaches the
point where rgkmin ' 1, at t ∼ 100 k−1min in Fig. 1. At
larger values of the rigidity, quasilinear theory now pre-
dicts DFpp ∝ p0, which directly stems from the lack of
resonances for particles with gyroradius outside the in-
ertial range of turbulence. Accordingly, at rgkmin  1,
the particle experiences a turbulence that it sees as small
scale on its gyroradius scale, hence tscatt ∝ p2, guarantee-
ing that tacc ∝ p2, in agreement with DFpp = p2/(2tacc) ∝
p0. The constancy of DFpp then indicates that σ
2
p/(2t) re-
mains fixed at this plateau value, and one recovers normal
diffusion of the momentum.
Interestingly, as the momentum evolves fast in the ac-
celeration process, the spatial diffusion coefficient, in par-
ticular the parallel one, also becomes strongly superdif-
fusive. We note here that quasilinear theory cannot de-
scribe this stage, because one of its intrinsic assumption
is that particles move on unperturbed orbits at constant
energy, which is clearly not the case here. This super-
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FIG. 1. Time evolution of various quantities for an en-
semble of a thousand test particles interacting with a fast
mode turbulence at βA = 0.7, η = 0.3, with initially,
rgkmin ≈ 10−3. For each panel, from top to bottom: perpen-
dicular mean square displacement; parallel mean square dis-
placement; pitch-angle correlation function, pitch-angle mean
square displacement, momentum distribution variance; fi-
nally, mean Lorentz factor normalized to its initial value. For
the last two panels, the transparent (grey) and the opaque
(black) curves correspond to the setups for which the rigidity
is defined in the simulation frame and in the local turbu-
lence rest frame, respectively. The red dashed lines show the
fits. The orange dash-dotted line shows an estimation of the
scattering timescale deduced from the fit of 〈µµ0〉 while the
magenta dotted one indicates the acceleration timescale de-
fined as 〈Γ〉(tacc) = 2Γ0. The cyclotron frequency is written
Ω0 = eB0/m.
diffusive regime has important consequences for the max-
imum energy of accelerated particles, because it allows
them to escape faster than on a naive diffusive timescale;
this is discussed in more detail in Sec. VI.
We now compare the quasilinear predictions for the
pitch-angle averaged diffusion coefficients DFµµ and D
F
pp
over a range of rigidities and mode velocities, in Fig. 2
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FIG. 2. Comparison of the theoretical QLT (with resonance
broadening associated to the uncertainty in pitch angle) pre-
dictions for the µ-averaged pitch-angle cosine diffusion coef-
ficient (colored lines, for various values of βA as indicated)
with values extracted from test-particle Monte Carlo simula-
tions (symbols) as a function of the (effective) initial rigidity.
Following the same convention as in Fig.1, the transparent
and opaque symbols refer to simulations in which the initial
energy distribution of the particles is a Dirac delta function in
the simulation frame and in the local turbulence rest frame,
respectively. See the text for details.
and 3. In our simulations, particles are injected with
random initial directions, hence random initial pitch an-
gles. These diffusion coefficients are thus understood as
averaged over µ. The details of the procedure used to
derive them are given in Appendix B 2; in short, Dµµ
is estimated as the slope of the linear fit of 〈[∆µ(t)]2〉/2
while Dpp is determined by a linear fit of σ
2
p(t)/2, as
indicated by the dashed horizontal lines in the illustra-
tive Fig. 1. Estimations of the acceleration and scatter-
ing timescales are also indicated as vertical lines, with
tacc taken as the time at which the average 〈p〉 over the
population of Monte Carlo particles is twice the initial
value, and tscatt is defined as the decorrelation time of
the pitch-angle cosine, inferred through an exponential fit
of 〈µ(∆t)µ(0)〉. This procedure necessarily introduces a
degree of arbitrariness, however, the scalings of the diffu-
sion coefficients with respect to rigidity rgkmin and mode
velocity βA (and with turbulence strength parameter η)
are respected.
As discussed above, the transit-time damping contri-
bution largely dominates the gyroresonant contributions
at low βA, but disappears, at least partially, in the rel-
ativistic regime βA → 1. This feature is illustrated in
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FIG. 3. Same as Fig. 2, now comparing the theoretical QLT
predictions for the µ-averaged momentum diffusion coefficient
(colored lines, for various values of βA as indicated) with
values extracted from test-particle Monte Carlo simulations
(symbols) as a function of the (effective) initial rigidity.
Fig. 4, which shows the (theoretical) relative contribu-
tions of TTD and gyroresonances at two extreme values
of the mode velocity, βA = 0.01 and βA = 0.9. In stan-
dard quasilinear theory, the TTD contribution has almost
completely disappeared at βA = 0.9.
Here, we present the theoretical predictions for quasi-
linear theory including only the resonance broadening as-
sociated to the uncertainty in pitch angle because our
simulations indeed consider fast modes of an infinite life-
time. Our theoretical calculations reveal that the inclu-
sion of resonance broadening does not affect much the
diffusion coefficients in fast mode turbulence, although
it will play an important role in the case of slow mode
anisotropic turbulence. More precisely, its effect is neg-
ligible at values βA . 0.1, because the TTD resonance
is then strongly dominant; at values βA & 0.7, it in-
creases the standard QLT predictions by a factor of ap-
proximately 3–4, notably due to a partial restoration of
the otherwise vanishing TTD contribution (Fig. 4). Nev-
ertheless, we wish to point out that because these pre-
dictions with resonance broadening implicitly rely on the
assumption that rgkmin  1, they tend to overestimate
the diffusion coefficients for rgkmin & 1. For these high
rigidities, standard QLT is therefore better suited.
Overall, our numerical results for Dµµ, and for Dpp,
appear in good agreement with the theoretical expecta-
tions of extended quasilinear theory. We, however, need
to come back to some corrections introduced for simula-
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FIG. 4. Relative contributions to the µ-averaged momentum
diffusion coefficient for βA equal to 0.01 and 0.9. The thin
dotted lines depict the linear gyroresonant and TTD contri-
butions. The contributions accounting for resonance broad-
ening due to the pitch-angle uncertainty are displayed in thin
solid lines (br. gyr. and br. TTD). For βA = 0.01, the curve
of the broadened TTD coincides with the linear prediction
and was not plotted for the sake of readability. The thick
lines give the total Dpp accounting for resonance broadening
(same curves as in Fig. 3).
tions at βA = 0.7 and even more at βA = 0.9 because of
the presence of a net bulk electric field which makes the
comparison with our QLT calculations less direct for the
following reasons.
This electric field is of typical strength 〈δE2〉1/2 '
O(η1/2βA) and it is directly associated with a net bulk
motion of the turbulence in the simulation frame, with
Lorentz factor γu '
(
1 + ηu2A
)1/2
. When particles are
initialized with a random pitch angle and a momentum p0
in the simulation frame, their energy changes by ∆p/p0 '
γ2u− 1 once they interact with the turbulence, as a result
of a first-order Fermi process. Consequently, their rigid-
ity in the simulation frame is not the one that was initial-
ized, rg,0kmin, but rather rgkmin = [1+∆p/p0]rg,0kmin. In
the relativistic regime, this effect becomes significant for
Dpp, whose scaling with rg is strong. More specifically,
the values of the initial energy jump ∆p/p0 measured in
the simulations are approximately 0.6 for βA = 0.9 and
0.4 for βA = 0.7. We used these values to report the re-
sults in Fig. 3 as a function of the effective initial rgkmin.
These values are represented by the lighter symbols in
Fig. 3 and they lie above the theoretical predictions.
Given that there is no bulk electric field involved in
7our quasilinear computations, one can expect the local
rest frame of the turbulence to be better suited to set
up the initial conditions of our Monte Carlo simulations.
We therefore also conducted simulations, which initialize
the energy distribution as a Dirac delta function in that
frame, and their results are represented by opaque sym-
bols in Figs. 2 and 3. The corresponding values of Dpp
appear to be in slightly better agreement with the quasi-
linear predictions, which, as mentioned earlier, also ac-
count for resonance broadening (although at high rigidi-
ties, standard QLT is better justified).
Finally, it is noteworthy that in the relativistic limit,
the Dpp values that we measure here appear to scale as
a function of the 3-velocity (rather than the 4-velocity),
Dpp ∼ β2F.
III. SLOW MODE TURBULENCE
A. Theoretical predictions
From a formal standpoint, the analysis for slow modes
is the same as for fast modes. The expressions for the per-
turbation polarizations, Eqs. (3)–(5) remain valid, and
one has simply to replace ωF with
ωS = ± k√
2
{
βF⊥2 + βA2βs2µk2
−
[(
βF⊥2 + βA2βs2µk2
)2 − 4βA2βs2µk2]1/2}1/2.
(11)
Likewise, the diffusion coefficients adopt the same form
as before, Eqs. (6) and (7), except that we now adopt a
Goldreich-Sridhar power spectrum,
SSk =
η
1− ηB
2
0 Cg
(
k⊥
kmin
)−qS−1
g
[
k‖
k
2/3
⊥ k
1/3
min
]
, (12)
with g(x) a function peaking at −1 . x . 1, im-
posing the anisotropic scaling between the parallel and
perpendicular components of modes and with Cg, a
normalization constant ensuring that
∑
±
∫
d3k SSk =
ηSB
2
0/(1 − η) = ηB20/(1 − η). We have considered two
types of anisotropy functions, g(x) = Θ(1−|x|), for which
Cg = (qS−1)(3qS−5)/(16pik3min), and g(x) = δ
(√
2x− 1)
for which Cg =
√
2(3qS − 5)/(24pik3min) and found that
both functions lead to similar results. To simplify our an-
alytical calculations, an approximate dispersion relation
is used again, ωS ≈ ±βSk‖.
We now derive the predicted analytical scalings, start-
ing with the case of standard quasilinear theory, without
resonance broadening. We first recall that even though
slow modes carry compressive perturbations, the TTD
contribution is null in standard quasilinear theory as the
linear resonance condition reads ±k‖βS − k‖µ = 0 and is
virtually never met. Using Eqs. (6) and (7) and insert-
ing the above power spectrum (with qS = 7/3), one de-
rives the following scalings for gyroresonant interactions
at small rigidities, i.e., rgkmin  1,
DS-Gyrµµ ∼ 0.1
η
1− η (rgkmin)
3/2
kmin, (13)
and DS-Gyrµµ ∼ 0.1η (rgkmin)−2 kmin as usual, in the high-
energy limit rgkmin  1. The strong scaling DS-Gyrµµ ∝
(rgkmin)
3/2
stems from the anisotropy of the Goldreich-
Sridhar spectrum [17], since k⊥  k‖ implies that reso-
nant particles with rgk‖ ∼ 1 will cross many uncorrelated
fluctuations in the perpendicular direction.
We now turn to the more physically motivated case of
damped modes. The condition of critical balance under-
lying Goldreich-Sridhar model implies that the timescale
of nonlinear interactions coincides with the linear prop-
agation timescale; accordingly, we set γd = 1 in numer-
ical applications. In the presence of time decorrelation,
the resonance function takes on a Breit-Wigner form; see
Eq. (A2) with <ω = ωS. A direct calculation of the
integrals then provides the following scalings in the low-
rigidity limit rgkmin  1:
DS-TTDµµ ∼ 0.1
η
1− η γdβS [1− 3 ln(rgkmin)]kmin, (14)
DS-Gyrµµ ∼ 0.1
η
1− η γdβSkmin. (15)
In agreement with previous studies carried out in the
nonrelativistic limit [17,22,39], we find that the resonance
broadening allows TTD interactions, which now domi-
nate the transport, and provide for qS = 7/3, an inter-
action time with a weak logarithmic dependence on the
rigidity1 for rgkmin  1. We also note that DSµµ scales
with βSγd which characterizes the scaling of the decay
coefficient.
In the high-rigidity limit, meaning rgkmin  1,
DS-TTDµµ ∼ ηγdβS (rgkmin)−3 kmin while DS-Gyrµµ ∼
0.1 η (rgkmin)
−2
kmin.
Consider now the effect of the partial randomization of
the pitch angle of the particle with respect to the direc-
tion of the magnetic field, as discussed in Appendix A.
To distinguish this effect from that associated to the fi-
nite lifetime of the modes, we assume here γd = 0. Using
Eq. (A3), we thus derive, for rgkmin  1,
DS-TTDµµ ∼ 0.1κ(η, βS) η kmin [1− 1.8 ln(rgkmin)], (16)
with κ(η, βS) ∼ exp
[−(1− βS/η1/4)2] a function of η and
βS that stems from resonance broadening, and which is
1 Ref. [17], which uses an exponential decay model for the turbu-
lence decorrelation similar to ours, obtains the same logarithmic
dependence for the diffusion coefficients; our numerical values
are, however, larger by about an order of magnitude.
8such that κ ∼ O(1) for βS . η1/4. In the opposite limit,
κ drops exponentially fast toward zero as η1/4/βS → 0,
in agreement with the vanishing TTD contribution for
slow modes in the absence of resonance broadening.
The gyroresonant contribution is here strongly sup-
pressed relative to its TTD counterpart, and can be ne-
glected safely. This difference, with respect to resonance
broadening by wave decay, Eqs. (14) and (15), results
from the shape of the resonance function, which is ex-
ponential in the present case, vs Breit-Wigner in the
previous case. One can indeed show that the contri-
bution to DS-Gyrµµ in Eq. (15) results from modes with
k⊥ . kmin (rgkmin)−3/2, i.e., k‖rg . 1. However, im-
posing this constraint in the resonance function given
by Eq. (A3) results in an exponential suppression of the
form exp
{
− [n/(k‖rgη1/4)− . . .]2}, where . . . represent
terms of the order of unity, and n ≥ 1 for gyroresonant
interactions.
At rigidities below the inertial range, i.e., such that
rgkmax < 1, the [1− 1.8 ln(rgkmin)] prefactor is replaced
by ln(kmax/kmin), and the Dµµ tends to a constant, as
observed in Ref. [28]. In the high-rigidity limit, rgkmin 
1, DS-TTDµµ ∼ κ(η, βS)η (rgkmin)−3 kmin.
B. Numerical simulations and discussion
Again, we relegate the details of the numerical setup
to Appendix B. However, we emphasize here that setting
up the Goldreich-Sridhar phenomenology is not a trivial
task as one must pay attention to the notion of a local
mean field [16]; the direction of anisotropy, which estab-
lishes the hierarchy between k‖ and k⊥, must be defined
relative to the local mean field, which is the total field at
the given point averaged over scales larger than the par-
ticle gyroradius. In order to account for this effect, we
artificially reduce the amplitude of the turbulence down
to low values, η ∼ 0.01, which guarantees that every-
where, the field line direction does not depart from that
of B0 by an angle larger than δB/B0 ∼ η1/2. Then, pro-
vided that the eddy anisotropy verifies k‖/k & δB/B0,
this eddy can be considered as aligned with respect to
the local mean field B, even if in practice, it is aligned
along B0. The interest of setting the parallel direction
along B0 is, of course, to preserve a standard Fourier
decomposition throughout space for our numerical simu-
lations. Since particle-wave resonances require k‖rg ∼ 1,
with k‖/k ∼ k−1/2‖ k1/2min (critical balance), the above con-
straints now imply rgkmin & η.
The above setup with η = 0.01 thus allows us to
probe the physics of particle acceleration in a realistic
anisotropic Goldreich-Sridhar-like configuration for par-
ticles with rgkmin & 0.01. Since the analytical scalings
predict Dµµ ∝ η/(1−η) and Dpp ∝ η/(1−η), we may, in
turn, extrapolate these scalings to the regime of larger η
provided they match the numerical simulations. To en-
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FIG. 5. Quasilinear predictions for the µ-averaged pitch-angle
cosine diffusion coefficient in a Goldreich-Sridhar-like turbu-
lence of slow modes (lines) and corresponding values extracted
from test-particle Monte Carlo simulations (symbols), plot-
ted as a function of the initial rigidity. The legends have the
following meanings: “δω-broadening” incorporates resonance
broadening associated to the finite lifetime of the modes (with
γd = 1); “δµ-broadening” takes into account the partial ran-
domization of the pitch angle, while “linear” corresponds to
the standard QLT prediction without resonance broadening.
See the text for details.
sure that βS remains close to unity, we consider a hot
plasma with βs = 1/
√
3 and βA = 0.5. For βs  βA or
βA  βs, we have indeed βS ' min (βs, βA).
Figures 5 and 6 compare the generalized quasilinear
predictions for the pitch-angle averaged diffusion coeffi-
cients described in Sec. III A to the values derived from
the Monte Carlo simulations. For dynamical turbulence
(γd = 1), we find good agreement between the simula-
tions (red symbols in the figures) and the semianalytical
predictions, with Dµµ ∼ cst up to a logarithmic correc-
tion ln(rgkmin).
For undamped modes (γd = 0), however, the scatter-
ing time in Monte Carlo simulations (orange symbols)
remains comparable to that for damped modes and sev-
eral orders of magnitude larger than the standard quasi-
linear estimates (blue curves), which furthermore pre-
dict Dµµ ∝ (rgkmin)3/2. The momentum diffusion coef-
ficient Dpp reveals a similar discrepancy. These results
are, however, in satisfactory agreement with our theoreti-
cal predictions given in Eq. (16), which include resonance
broadening by pitch-angle randomization. Although this
effect lies beyond quasilinear theory, which considers un-
perturbed orbits, such partial randomization is inherent
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FIG. 6. Same as Fig. 5 for the momentum diffusion coefficient.
For comparison, the prediction for the diffusion coefficient in
an isotropic turbulence of fast modes (with resonance broad-
ening) at same βA, βs (corresponding to βF ' 0.68) and η is
overlaid in gray/dot-dashed.
to our numerical Monte Carlo simulations, because they
follow the trajectories of the particles in the exact elec-
tromagnetic field configuration. Our test-particle simu-
lations also indicate that the diffusion coefficient depends
on the pitch-angle cosine, being more pronounced at val-
ues µ ' ±0.5 than at µ ' ±1, as expected from the
broadening of the TTD resonance described above. This
suggests that our theoretical scaling given in Eq. (16)
captures the physics that the test-particle simulations re-
produce.
Note the scale in the diffusion coefficients, in particular
that of Dµµ, which suggests tscatt ∼ 102k−1min at rgkmin 
1. This low value of Dµµ (equivalently, this large value
of tscatt) is a direct consequence of our choice η = 0.01,
since Dµµ ∝ η/(1 − η) (hence tscatt ∝ η−1 for η  1);
see Eqs. (13), (14) and (16). Hence, extrapolating to
η ∼ 1 predicts a scattering timescale of the order of k−1min.
When adapting the values of Dpp, one must also keep in
mind that those shown in Fig. 6 assume η = 0.01 and
that Dpp ∝ η/(1− η).
IV. ALFVE´N MODE TURBULENCE
A. Theoretical predictions
We use the same Goldreich-Sridhar power spectrum
as for slow modes, Eq. (12), and repeat the generalized
quasilinear calculations of Sec. III A with dispersion and
polarization relations appropriate for Alfve´n modes,
ωA = ±βAk‖, (17)
δBAk = δbk
B0 × k⊥
B0k⊥
, (18)
δuAk = ∓βA
δBAk
B0
, (19)
δEAk = ∓βAδbk
k⊥
k⊥
, (20)
to obtain
D˜Aµµ =
Ω2pi2(1− µ2)
2B20
∑
±
+∞∑
n=−∞
∫∫
dk⊥dk‖ k⊥
×Rk [Jn+1(z⊥) + Jn−1(z⊥)]2 k−2‖
× [(k‖ − µωA)2 + µ2γ2dω2A] SAk , (21)
D˜App =
Ω2pi2p2(1− µ2)
2B20
∑
±
+∞∑
n=−∞
∫∫
dk⊥dk‖ k⊥
× Rk [Jn+1(z⊥) + Jn−1(z⊥)]2 k−2‖
× ω2A(1 + γ2d)SAk . (22)
The expressions differ from those derived for magne-
tosonic modes through the relative sign of the Bessel
functions, which incidentally ensures that the n = 0 term
is null (J−1 = −J1), as well as through the dispersion re-
lation and power spectrum of the modes (which differs
from that of fast modes), of course. But besides the
fact that there are no TTD interactions, as a result of
the absence of compressible magnetic perturbations, the
general remarks made for slow modes in Sec. III A remain
true.
For the idealized case of undamped waves, γd = 0, we
derive the following theoretical scaling for rgkmin  1,
DA-Gyrµµ ∼ 0.1
η
1− η (rgkmin)
3/2
kmin, (23)
similar to that obtained for slow mode waves in the
same case. At high rigidities, rgkmin  1, DGyrµµ ∼
0.1η (rgkmin)
−2
kmin, as always.
If one now accounts for a finite lifetime of the waves,
we obtain, for rgkmin  1,
DA-Gyrµµ ∼ 0.1
η
1− η γdβA [1− 2.7 ln(rgkmin)]kmin, (24)
and that for rgkmin  1 remains unchanged.
By contrast with slow modes, the resonance broaden-
ing that results from the partial randomization of the
pitch angle does not play any significant role here, for
two essential reasons. First, Alfve´n waves do not possess
a magnetic perturbation parallel to the mean magnetic
field, so that the broadening is of relative order η1/2, in-
stead of η1/4 for magnetosonic modes. Consequently, the
10
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FIG. 7. Quasilinear predictions for the µ-averaged pitch-angle
cosine diffusion coefficient in a Goldreich-Sridhar-like turbu-
lence of Alfve´n modes, with (“δω-broadening”) and without
(“linear”) wave decay (lines) and corresponding values ex-
tracted from test-particle Monte Carlo simulations (symbols),
plotted as a function of the initial rigidity. The turbulence
amplitude is here set to η = 0.01. See the text for details.
resonance remains narrow if η  1. Second, as discussed
in the case of slow modes, this source of broadening does
not affect as strongly gyroresonant interactions as it does
enhance TTD contributions. For this reason, we do not
anticipate any effect from the partial randomization of
the pitch angle, and our numerical simulations will con-
firm this result.
B. Numerical simulations and discussion
In our Monte Carlo simulations of Alfve´n turbulence,
the Goldreich-Sridhar local anisotropy is enforced using
the same technique as for slow modes: we artificially re-
duce the amplitude of the turbulence down to a low level,
η = 0.01, which allows us to probe gyroresonant interac-
tions down to rgkmin ' 0.01.
Figures 7 and 8 compare the values of the diffu-
sion coefficients obtained from numerical estimations of
Eqs. (21) and (22) to those derived from our Monte
Carlo simulations for the fiducial parameters η = 10−2,
βA = 0.9.
In these figures, the blue symbols (respectively, the
blue dashed lines) correspond to the Monte Carlo sim-
ulation results (respectively, the quasilinear predictions)
for undamped waves. They are found to agree fairly well
one with the other, thus confirming the theoretical scal-
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FIG. 8. Same as Fig. 7 for the momentum diffusion coeffi-
cient. For comparison, the prediction for the diffusion coeffi-
cient in an isotropic turbulence of fast modes (with resonance
broadening) at same η and βA and βs  βA (corresponding
to βF ' 0.9) is overlaid in gray/dot-dashed.
ings of this (idealized) Goldreich-Sridhar phenomenology.
We note, in particular, the difference with respect to
slow mode waves, for which a non-negligible scattering
frequency was observed in our test-particle Monte Carlo
simulations for this case, because of the broadening of
the TTD contribution by pitch-angle randomization.
For damped modes, we find again reasonable agree-
ment for the rgkmin-scaling, while Figs. 9 and 10 support
the ∝ βA and ∝ β3A scaling of Dµµ and Dpp, respectively.
Finally, we note here as well that the values of Dµµ and
Dpp take comparatively low values because of our choice
η = 0.01. To extrapolate these values to larger values of
η, one must keep in mind that both scale linearly with
η/(1−η); see Eqs. (23) and (24). In particular, for η ∼ 1,
one expects a scattering timescale of the order of k−1min at
rgkmin  1.
V. BEYOND MHD WAVE TURBULENCE
A. Nonresonant turbulent acceleration
So far, we have discussed particle acceleration through
resonant (or quasiresonant) interactions with MHD
waves. Yet, it is not obvious that such linear eigen-
modes of the plasma provide a faithful description of ac-
tual modes in strongly interacting turbulence. In this
section, we address some salient features of the nonreso-
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FIG. 9. Quasilinear predictions for the µ-averaged pitch-
angle cosine diffusion coefficient in a Goldreich-Sridhar-like
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FIG. 10. Same as Fig. 9 for the momentum diffusion coeffi-
cient.
nant acceleration of a particle in a (relativistic) turbulent
bath.
On a general level, this physics can be described as the
interaction of a particle with a fluctuating electric field
that is directly associated through ideal Ohm’s law to
the fluctuating velocity field of the plasma. Particles then
gain energy as they experience the compressive, shearing,
accelerating and vortical motions of the medium, e.g. [40–
42].
To characterize the acceleration rate, one needs to
specify the statistics of the velocity field and how the
particle experiences the resulting electric fields, i.e., how
it is transported across the cells of coherence of the tur-
bulence. At large rigidities, meaning rgkmin  1, par-
ticles cross a coherence cell in a near-ballistic manner;
hence, the scattering timescale can be directly expressed
as tscatt ' η−1 k−1min (rgkmin)2. For magnetized particles,
i.e., rgkmin  1, the problem is, however, much more
complex and lies beyond the scope of the present study.
Here, we rather aim to discuss how a given scattering
timescale tscatt impacts the acceleration process. This
scattering timescale tscatt may be smaller or larger than
k−1min, with important consequences for the physics of ac-
celeration.
A key point, indeed, is that the particle experiences in
a different way the modes on large scales k−1, i.e., such
that tscatt . k−1, and the small-scale modes for which
k−1 . tscatt [42]. Specifically, for a turbulent spectrum
strongly peaked on a single scale K−1, the diffusion co-
efficient obeys
Dpp ' p2
〈
(∂u)2
〉
K
tscatt (tscattK  1)
' p2
〈
(∂u)2
〉
K
K2tscatt
(tscattK  1). (25)
In the above formula, the quantity
〈
(∂u)2
〉
K
represents,
in a symbolic way, the contribution of the compressive,
shearing, accelerating and vortical motions on scale K−1,
to the acceleration process. In detail, the decomposition
of the random fluid 4-velocity in terms of acceleration
(characterized by a 3-vector a), compressive (character-
ized by a compression scalar θ), shearing (3-tensor σij),
and vortical (3-tensor ωij) motions leads to
∂αδui = δ
0
α ai + δ
j
α
(
1
3
θδij + σji + ωji
)
, (26)
with: θ = ∇ · δu, σij = (∂iuj + ∂jui)/2 − 13 δij θ, and
ωij = (∂iuj − ∂jui)/2, i, j ∈ {1, 2, 3} and α ∈ {0, 1, 2, 3}.
In the subrelativistic limit
〈
δu2
〉 1 (δu is here under-
stood as a 4-velocity), only the compressive and shearing
terms contribute to leading order. In the highly relativis-
tic limit, however, all terms contribute roughly equally;
see Ref. [42] for details.
We now generalize these results, in particular Eq. (25),
to the case of a broadband spectrum of 4-velocity fluctua-
tions extending over the range [kmin, kmax], characterized
by a one-dimensional (1D) spectral index 1 < qu < 2. We
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note that Ref. [41] has studied a similar problem, using
a different formalism for turbulent shear acceleration in
the subrelativistic limit.
We therefore write〈
δu2
〉
=
∫
ln kmin
d ln k
〈|δuk|2〉k , (27)
with
〈|δuk|2〉k ∝ k1−qu the typical 4-velocity perturba-
tion on scale k−1. We also approximate:〈
(∂u)
2
〉
k
≡ αuk2
〈|δuk|2〉k , (28)
with αu a factor of the order of unity that depends on the
properties of the turbulence. For instance, Alfve´n waves
do not contain a compressive term, while magnetosonic
modes do.
If k−1max  tscatt  k−1min, one can split the turbulence
in a large-scale and a small-scale cascade around tscatt,
so that the diffusion coefficient receives two contributions
(of comparable magnitude):
Dpp|k−1&tscatt ' p2tscatt
〈
δu2
〉
k2min
×
∫ ln t−1scatt
d ln k
(
k
kmin
)3−qu
' p2 (tscattkmin)qu−2
〈
δu2
〉
kmin,
Dpp|k−1.tscatt ' p2t−1scatt
〈
δu2
〉
×
∫
ln t−1scatt
d ln k
(
k
kmin
)1−qu
' p2 (tscattkmin)qu−2
〈
δu2
〉
kmin.
(29)
Interestingly, the total contribution scales as
Dpp ∝ p2−〈δu2〉, (30)
with  positive but small compared to unity, because
tscatt usually has a mild dependence on p, while qu − 2
is negative and small in magnitude. Using for instance
the quasilinear scaling for isotropic turbulence, tscatt ∝
(rgkmin)
2−q
, we find Dpp ∝ p2 (rgkmin)−(2−q)(2−qu). One
may furthermore note that the above result, Eq. (29), de-
parts from the naive scaling tacc = p
2/Dpp ' tscatt/〈δu2〉,
because the particle is now sensitive to the detailed struc-
ture of the turbulent power spectrum. Indeed, one now
obtains
tacc ≈ k
−1
min (tscattkmin)
2−qu
〈δu2〉 . (31)
If tscatt & k−1min, however, the above integration proce-
dure now gives
Dpp|k−1min.tscatt ' p
2
〈
δu2
〉
tscatt
. (32)
In particular, for rgkmin  1, we have tscatt  k−1min and
tscatt ∝ r2g; hence, we recover Dpp ∝ p0.
B. Non-MHD electric fields
Ideal Ohm’s law E = −β ×B prevents the existence
of electric fields aligned with the local magnetic field and
guarantees that there exists at every point a reference
frame in which the electric field can be screened out (the
local plasma rest frame).
In the presence of a parallel electric field, acceleration
could proceed at a much faster rate, unhindered by the
magnetic field. On the largest physical scales, however,
it is believed that the ideal Ohm’s law provides a satis-
factory approximation and our simulations have imple-
mented this constraint. Ideal MHD rather breaks down
on small length scales, generating parallel electric fields
in reconnecting current sheets [43], or, more generally,
because of inertial and kinetic effects, e.g., Ref. [44]. Of
course, if the typical current sheet width is l⊥, then par-
ticles with gyroradius rg  l⊥ stream through the sheet
with small deflection and energy gain; hence, such recon-
nection processes govern the small-scale physics of dis-
sipation, heating, and injection, but not acceleration to
high energies.
Our aim, here, is to quantify the influence of these
small-scale violations of Ohm’s law on the acceleration
process. We first characterize the statistics of these
electric field fluctuations through a power spectrum, as-
suming that they extend on spatial scales greater than
k−1max but peak on k
−1
max with, correspondingly, a 1D in-
dex qE < 1 (qE can possibly take negative values). In
Appendix C, we calculate the relevant index from the
corrections to Ohm’s law for Alfve´n, fast and slow wave
turbulence respectively, for pair and electron-proton plas-
mas.
The general problem can be brought back to the one-
dimensional analog that describes the evolution of the
particle momentum through
dp
dt
= qµδE‖, (33)
where δE‖ is understood here as a random field and µ
represents the effective (random) velocity of the particle,
characterized by a time correlation function of step tscatt.
Note that this scattering timescale may differ from that
introduced in the previous sections, as it may be affected
by the small-scale electric field itself.
Equation (33) describes a diffusion process, because
over a time interval ∆t, 〈∆p〉 = 0 but 〈∆p2〉 6= 0.
For explicit calculations, we adopt for the velocity cor-
relation function
〈µ(t)µ(0)〉 = µ(0)2 exp
[
−pi
4
t2
t2scatt
]
. (34)
As it should, the scattering timescale verifies tscatt =∫ +∞
0
dt 〈µ(t)µ(0)〉/µ(0)2.
In the spirit of the previous sections, we decompose
the electric field fluctuations over scales k−1 as a power-
law spectrum and we further assume that at each such
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scale, the coherence length of the corresponding mode is
also k−1. This generalized decomposition in wave packets
mimics the decomposition of the damped modes of the
Alfve´n and slow modes. Hence, we use
〈δE‖(t1)δE‖(t2)〉 = αE〈δE2‖〉
∫
dk k−qE exp[−k|t1 − t2|].
(35)
The exponential term involves a correlation time k−1,
which can be seen as the turnover timescale of the parallel
electric field structure in the turbulence. Note that, using
linear or squared expressions in the exponentials, either
for Eq. (34) or for Eq. (35), would modify our final results
by a factor of the order of unity only. The prefactor
αE = |1 − qE | kqE−1max provides the correct normalization
to the equal-time (equal-position) amplitude 〈δE2‖〉.
We thus derive the momentum diffusion coefficient as
〈∆p2〉 = 2∆t q2〈δE2‖〉αEµ(0)2 tscatt
×
∫
dk k1−qE ek
2t2scatt/pi Erfc
[
ktscatt√
pi
]
. (36)
The complementary error function is here defined as
Erfc(x) = (2/
√
pi)
∫ +∞
x
dt e−t
2
. Integrating this contri-
bution over k then gives the approximate diffusion coef-
ficient D
δE‖
pp = 〈∆p2〉/2∆t:
D
δE‖
pp ≈ q2〈δE2‖〉tscatt
(
tscatt  k−1max
)
≈ q2〈δE2‖〉
(tscattkmax)
qE
kmax
(
tscatt  k−1max, 0 < qE
)
≈ q2〈δE2‖〉k−1max
(
tscatt  k−1max, qE < 0
)
.
(37)
This diffusion coefficient thus increases up as the scatter-
ing timescale until the particle starts to see these fluctu-
ations as small scales, meaning tscatt & k−1max, at which
point it may either level off, if qE < 0 (corresponding
to a spectrum that is sharply peaked at kmax), or in-
crease as tqEscatt, if the long-wavelength fluctuations at
k−1 > tscatt retain enough power, meaning 0 < qE < 1.
We note that, in Eq. (37), the first approximation in-
deed describes the diffusion coefficient of a particle chang-
ing direction every tscatt while traveling in a roughly co-
herent electric field, while the third approximation de-
scribes how a particle gains energy by traveling ballisti-
cally over many incoherent patches of parallel electric
field of typical scale k−1max. In the intermediate limit,
the particle feels the structure of the power spectrum
of electric field fluctuations. For reference, we derive
in Appendix C, qE ' −7/3, −5/3, −1 respectively, for
isotropic fast mode, Goldreich-Sridhar slow mode, and
Goldreich-Sridhar Alfve´n mode turbulences, from the de-
viations to the ideal Ohm’s law in a pair plasma.
Provided tqEscatt roughly scales less fast with energy than
a square law, acceleration by the large-scale MHD tur-
bulence, as described in the previous sections, eventually
takes over at some energy which may be easily calculated
from the above expressions, once tscatt(p), qE , and 〈δE2‖〉
are specified. To ease the comparison, we note that the
units in which we express Dpp in Figs. 3, 6, and 8 are
q2B20/(kminc), while those for D
δE‖
pp are q2〈δE2‖〉/(kmaxc).
VI. DISCUSSION
The physics of particle acceleration in a turbulent set-
ting is governed by a variety of effects, depending on
whether the cascade can be described as isotropic or not,
whether it can be approximated as linear waves or not,
whether one assumes ideal MHD to hold or not. In this
section, we recap and bring together the results obtained
in the previous sections and compare them to the results
of recent first-principles extensive numerical simulations
of turbulent acceleration.
A. Comparison between modes and general results
In an actual turbulent setting, one expects a mixed
contribution from various modes. As mentioned ear-
lier, numerical MHD simulations of subrelativistic tur-
bulence generally point to the dominance of Alfve´n and
slow modes, with a minor contribution from fast magne-
tosonic modes [16,29,30]. This result, however, appears
to depend on how the turbulence is driven at the outer
scale [31], and the phenomenology may differ in the rel-
ativistic regime [32]. We can nevertheless combine our
various results, adopting the notations ηF, ηA, and ηS for
the respective contributions of the various modes to the
total magnetic energy density.
Our numerical simulations for acceleration in fast,
Alfve´n and slow mode turbulences provide the following
scalings in the inertial range rgkmin < 1,
DFpp ' 0.5
ηF
1− η (rgkmin)
qF (βA/0.9)
2
,
DApp ' 0.07
ηA
1− η (rgkmin)
2
[1− 2.7 ln(rgkmin)](βA/0.9)3,
DSpp ' 0.01
ηS
1− η (rgkmin)
2
[1− 1.8 ln(rgkmin)](βS/0.5)2,
(38)
where all diffusion coefficients are here written in units of
m2Ω20/kmin, with Ω0 = eB0/m the cyclotron frequency.
Note that m2Ω20/kmin = p
2
conf kmin, with pconf the con-
finement momentum such that rg(pconf) kmin = 1. We
rely here on the (more realistic) picture of damped modes
for Alfve´n and slow modes, and we have used qF = 5/3,
qS = qA = 7/3 in our simulations. The wave number kmin
is related to the outer scale of the turbulence through
kmin = 2pi/Lmax. Note that the effective slow mode phase
speed βS cannot be realistically larger than about 0.5 be-
cause it is bounded by the sound speed, which is itself
bounded by 1/
√
3 ' 0.58 in a relativistically hot plasma.
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Note also the scaling Dpp ∝ β3A for Alfve´n modes, to be
contrasted with the naive square law. Here, one extra
power comes from =ω ∝ <ω, which controls the scatter-
ing through gyroresonance broadening. We have omit-
ted this contribution for slow modes, since our analysis
has revealed that pitch-angle randomization provides an
equally strong source of scattering. Finally, in the re-
gion rgkmin  1, these scalings are each continued into a
constant value Dpp ∝ ηm2kmin.
The acceleration timescale is conveniently written as
tacc = (rgkmin)
2 (
m2Ω20k
−1
min/Dpp
)
k−1min. We thus derive
the following scalings:
tFacc ' 2.1
1− η
ηF
(rgkmin)
2−qF (βA/0.9)
−2
k−1min,
tAacc ' 14
1− η
ηA
[1− 2.7 ln(rgkmin)]−1(βA/0.9)−3 k−1min,
tSacc ' 100
1− η
ηS
[1− 1.8 ln(rgkmin)]−1(βS/0.5)−2 k−1min.
(39)
If one rather defines the acceleration timescale as the
timescale for the mean energy to double in the Monte
Carlo simulations, the prefactors in Eq. (39) are found
to be instead approximately equal to 2, 4, and 30 for fast
modes, damped Alfve´n modes, and damped slow modes,
respectively.
In Sec. V A, we have also discussed the physics of ac-
celeration of particles in a more generic turbulent set-
ting, which is not described as a sum of linear waves but
whose velocity field is decomposed into a sum of compres-
sive, shearing, vortical, and accelerating motions. Al-
though the scattering timescale cannot be predicted on
general grounds in such a situation, we have found that,
for tscatt . k−1min, Dpp ∼ p2 〈δu2〉 kmin (tscattkmin)2−qu in
terms of the power spectrum index of the 4-velocity fluc-
tuations, qu. We have argued there that, since tscatt is
generically a mild (increasing) function of p, and since
2− qu is small compared to unity, Dpp can be written in
the general form
Dpp ∼ p2〈δu2〉kmin, (40)
i.e., Dpp ∼ 〈δu2〉 (rgkmin)2 in units of m2Ω20/kmin. The
above estimate is valid up to a correction of the order
(rgkmin)
−
, with  significantly smaller than unity. Note
that the amplitude of the turbulence, η, is included here
in the 4-velocity fluctuation amplitude 〈δu2〉.
These different contributions are brought together in
Figs. 11 and 12 for the case of a relativistically hot plasma
with magnetization of order unity for ηF,S,A = η = 0.3.
Fig. 12 reveals that, for βA ' 1, the contributions of
fast and Alfve´n modes are roughly comparable at large
rigidities, rgkmin & 0.1,2 but that the fast mode contri-
2 Especially given that the predictions for fast modes displayed
here include resonance broadening due to the pitch-angle uncer-
tainty which tend to slightly overestimate the diffusion coeffi-
cients at large rigidities.
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FIG. 11. Comparison of the predicted momentum diffusion
coefficients for various turbulence modes for a relativistically
hot plasma (βs ' 0.58) with βA = 0.5 and η = 0.3 (corre-
sponding to δB/B ' 0.7). For fast modes, this corresponds
to βF ≈ 0.68, while for slow modes, to βS ≈ 0.45. In the
case of Alfve´n and slow modes, we considered damped modes
with |=ω| = |<ω| (i.e., γd = 1). The purple dotted line
shows the theoretical prediction Dpp ∼ η p2kmin, which cor-
responds to nonresonant acceleration (Sec. V A and see the
text for details), and Dpp ' ηm2Ω20/kmin at rgkmin  1. The
gray dotted line indicates the Bohm scaling for comparison,
Dpp ∼ rgkminm2Ω20/kmin.
bution dominates at lower rigidities due to its slightly
softer dependence on rg. Recall however that this de-
pendence scales directly with qF, and if qF ∼ 2, the fast
mode would no longer dominate over Alfve´n modes.
In a relativistically hot, magnetized plasma, the phase
speed of the slow modes can reach mildly relativistic val-
ues; hence, slow mode acceleration becomes truly efficient
as well. In particular, we find that, at equal (relativistic)
phase velocities, the diffusion coefficient in slow modes
is only a factor of a few below that of Alfve´n modes
(Fig. 11). This hierarchy differs strongly from what is
observed in the subrelativistic regime, namely a strong
dominance of fast modes over Alfve´n modes, with a neg-
ligible contribution from slow modes. This arises as a
combination of several effects, notably the partial dis-
appearance of transit-time damping for fast modes, the
partial restoration of TTD for slow modes due to pitch-
angle randomization, and the partial restoration of gy-
roresonances for Alfve´n modes due to the finite lifetime
of the modes.
We also observe that our predictions for nonresonant
acceleration, i.e., acceleration in a turbulence whose spec-
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FIG. 12. Same as Fig. 11, with this time βA = 0.9, so that
βF ≈ 0.93, while βS ≈ 0.56.
trum is composed of structures rather than linear waves,
also match the above resonant values, at least in the
range of momenta considered, at the upper end of the
inertial range.
An interesting outcome of our test-particle Monte
Carlo simulations is to reveal that, as the particle gains
energy through its stochastic interactions, it undergoes
superdiffusive spatial transport along the parallel direc-
tion. This has consequences for the maximal energy of
acceleration, in particular whether a given particle can
reach the confinement energy rg ∼ Rs, with Rs the size
of the source, or not. Assuming Rs ∼ Lmax, we plot in
Fig. 13 the evolution of the particle energy in units of the
confinement energy as a function of the distance traveled
in the parallel direction.
B. Comparison to recent numerical results
Recently, several groups have provided the first PIC
numerical simulations of relativistic turbulence [24–27].
The merit of such simulations is to provide a self-
consistent description of the nonlinear interaction be-
tween the thermal plasma, the nonthermal population
and the electromagnetic fields. The main disadvantages
of such simulations are, of course, their high numerical
cost and their need to resolve (finely enough) the skin
depth scale of the plasma. The numerical cost has to be
balanced against the number of particles involved, fewer
particles per cell meaning a higher numerical noise. Re-
solving the skin depth scale allows to properly model the
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FIG. 13. Evolution of the energy of particles relative to the
confinement energy at which rg = 2pi/kmin vs the distance
traveled along the parallel direction in units of 2pi/kmin =
Lmax, for two different injection rigidities, namely rgkmin ≈
0.01 and 0.1, for simulations of fast modes, damped slow
modes and damped Alfve´n modes, as indicated in the leg-
end. The data have been rescaled to η = 0.3, corresponding
to δB/B ≈ 0.7. The data for fast modes have also been
rescaled to remove the initial jump in energy.
small-scale dissipative physics, which is missing in MHD
simulations, but it also means that the maximal energy
at acceleration is limited by the dynamic range of the
simulation, just as the acceleration mechanism may be
affected by small-scale physical effects which would be
absent on the large scales of astrophysical sources.
Nevertheless, the dynamical range of the recent sim-
ulations shown in Refs. [25–27] is so large that one
may expect such effects to be absent. Such simulations
thus provide a perfect experimental benchmark for our
results. These simulations find that acceleration pro-
ceeds in two stages. The first is rapid and likely associ-
ated to particle energization in current sheets, through,
e.g., reconnection-type acceleration, as discussed in these
studies. The second is slower and presumably pro-
ceeds through stochastic acceleration in a turbulence
that mostly obeys the ideal Ohm’s law. In particular,
Ref. [26] derives a diffusion coefficient Dpp ∝ p2/3 in
the first stage, but Dpp ∝ p2 in the second; see also
Ref. [27]. Our discussion of the previous sections agrees
well with such a picture. If the small-scale physics can
be described in terms of acceleration in parallel electric
fields whose power lies on scale kmax, we have found that
Dpp ∝ tscatt for tscatt  k−1max, while Dpp ∝ tqEscatt for
tscatt  k−1max if 0 < qE < 1. Consider, for instance,
the latter possibility; the scaling of Ref. [26] is then re-
covered if tscatt ∝ p2/(3qE). Alternatively, if tscatt ∝ p2,
describing the limit in which the particle at such ener-
16
gies is sensitive to the electric field structures on scales
kmax but not to the large-scale MHD turbulence, then
qE = 1/3 would explain the observed scaling. A detailed
study of the statistics of the small-scale parallel electric
fields and a careful follow-up of the particle momentum
in the corresponding PIC simulations would allow to test
such hypotheses.
Regarding the acceleration on larger scales, the main
result of Refs. [26,27] is tacc ∼ Lmax/〈δu2〉. This
agrees well with the scalings given previously, since it
corresponds to Dpp ∼ 0.16 ηβ2m (rgkmin)2 in units of
m2Ω20/kmin, with βm the relevant mode velocity, for di-
rect comparison to Eqs. (38) and (40). In particular,
it broadly agrees with acceleration in Alfve´n and/or slow
mode turbulence, accounting for wave decay, or with non-
resonant acceleration in a generic turbulence. In order to
better understand which of these description better ap-
plies, one would need to perform a mode decomposition
of the turbulence as in Ref. [16], and to track the scaling
of tscatt with energy in these PIC simulations.
VII. CONCLUSIONS
This work has studied the physics of particle ac-
celeration in relativistic turbulence, where relativistic
means typical 3-velocity fluctuations at the outer scale
〈δβ2〉1/2 ∼ 1. For an MHD turbulence described in
terms of eigenmodes, fast and slow magnetosonic, and
Alfve´n, this corresponds to a magnetized, relativisti-
cally hot plasma for which βA is close to unity (and
βs = 1/
√
3); hence, σ & 0.1 in terms of magnetization
σ = β2A
/ (
1− β2A
)
.
We have provided detailed analytical estimates of the
pitch-angle scattering (Dµµ) and momentum (Dpp) dif-
fusion coefficient in quasilinear, and extended quasilin-
ear theory for acceleration in isotropic fast wave tur-
bulence, as well as in Goldreich-Sridhar-like anisotropic
Alfve´n and slow wave turbulence. In turn, this allows
to provide analytical scalings for the scattering (tscatt)
and acceleration (tacc) timescales. We have notably in-
cluded the effect of a finite mode lifetime, as expected
for strong turbulence, and discussed in some detail the
resonance broadening associated to the partial random-
ization of the pitch angle of the particle. We have com-
pared these predictions to dedicated Monte Carlo simu-
lations of test-particle acceleration in synthetic wave tur-
bulence. We have paid attention to the notion of local
anisotropy, which is inherent to the Goldreich-Sridhar
phenomenology of anisotropic turbulence. To do so, we
conduct these anisotropic simulations with a low enough
turbulence amplitude to guarantee that the eddies are
effectively aligned with respect to the mean field on the
scale of the particle gyroradius. Our Monte Carlo sim-
ulations naturally account for the partial randomization
of the pitch angle and they include, where necessary, the
finite lifetime of turbulent modes. The satisfactory agree-
ment that we reach between those analytical scalings and
the numerical simulations suggests that our analytical
predictions capture the salient effects of particle acceler-
ation in a prescribed wave turbulence.
We notably observe the following effects in a relativis-
tic turbulent setting:
(1) For an isotropic cascade of fast magnetosonic
modes the transit-time damping contribution is
progressively reduced as βF increases, because the
resonant value of the longitudinal phase veloc-
ity of the wave is then forced into the superlu-
minal regime. Even though resonance broaden-
ing effects preserve part of the transit-time damp-
ing contribution, most of the acceleration oc-
curs through gyroresonant interactions. The mo-
mentum diffusion coefficient accordingly scales as
DFpp ∼ β2Fη p2kmin(rgkmin)q−2 for rgkmin . 1, with
q the 1D index of the turbulence spectrum and
k−1min = Lmax/(2pi) in terms of the outer scale Lmax.
(2) For an anisotropic, Goldreich-Sridhar-like cascade
of slow mode waves, the transit-time damping con-
tribution provides the dominant contribution to
scattering and acceleration, thanks to the reso-
nance broadening implied by the partial random-
ization of the pitch-angle. Gyroresonant-like inter-
actions are negligible. The momentum diffusion co-
efficient accordingly scales as DSpp ∼ β2Sη p2kmin for
rgkmin . 1, up to a logarithmic correction.
(3) For an anisotropic, Goldreich-Sridhar-like cascade
of Alfve´n waves, the resonance broadening asso-
ciated to the finite lifetime of the modes restores
gyroresonant-like interactions, that would other-
wise be inefficient. The partial randomization of
the pitch angle does not play any significant role.
The momentum diffusion coefficient scales accord-
ing to DApp ∼ β3Aη p2kmin for rgkmin . 1, up to a
logarithmic correction, as for slow modes. The ex-
tra power of βA results from resonance broadening.
(4) At large rigidity, rgkmin & 1, the particle effec-
tively sees small-scale turbulence, hence Dpp ∼
β2ηm2Ω20k
−1
min ∝ p0 for all three types of modes,
with β the relevant phase velocity.
(5) Overall, we find that, in a relativistic setting, if
all three types of modes share a similar fraction of
the turbulent energy, they give roughly comparable
contributions to the acceleration of particles, for
momenta not far below the top of the inertial range
where rg ∼ k−1min. At lower rigidities, rg  k−1min,
the contribution of fast modes becomes dominant,
because of its softer scaling with rg.
(6) We have also provided general arguments concern-
ing the acceleration of particles in a turbulence
that cannot be described as a bath of linear waves,
but rather as a combination of compressive, shear-
ing, vortical and accelerating fluid motions obey-
ing the ideal Ohm’s law. We have shown, notably,
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that if the scattering timescale of particles is such
that tscatt . k−1min (as for all three types of modes
above at rg  k−1min), then the diffusion coeffi-
cient Dpp ∼ 〈δu2〉 p2kmin up to a correction fac-
tor (tscattkmin)
qu−2 that depends weakly on energy.
Here, qu represents the index of the 4-velocity 1D
turbulent spectrum, and 〈δu2〉 represents its ampli-
tude.
(7) We have also discussed the possible contributions
of violations of ideal Ohm’s law, showing that they
peak on the small scales ∼ k−1max of the turbulent
cascade, and we have characterized their magni-
tude. We notably find that, if the 1D power spec-
trum index qE of the parallel electric field com-
ponent verifies 0 < qE < 1 and tscatt  k−1max,
then such small-scale effects provide a contribution
Dpp ∼ q2〈δE2‖〉k−1max(tscattkmax)qE which may dom-
inate the acceleration at very small rigidities.
(8) We have compared our results to recent ab initio
simulations of turbulence using kinetic particle-in-
cell simulations and shown that the above generally
agree with the observed results.
Finally, we provide ready-to-use analytical scalings for
applications to high-energy astrophysical phenomenology
in Sec. VI.
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APPENDIX A: RESONANCE BROADENING
IN QUASILINEAR THEORY
The theoretical estimates of the diffusion coefficients,
Eqs. (6) and (21) for pitch-angle diffusion, Eqs. (7) and
(22) for momentum diffusion, involve resonance functions
Rk that characterize the interaction between particles
and waves. At a formal level, this resonance function de-
rives from the time-integrated Fourier transform of the
propagator that connects the position of the particle at
different times in the turbulent bath, e.g., Ref. [45]. Ac-
counting for gyromotion around the background mag-
netic field, this resonance function is expressed as
Rk = 1
2pi
∫ +∞
−∞
dτ ei(k‖µ−ω+nΩ)τ . (A1)
In standard quasilinear theory, with ω ∈ R and µ,
the initial pitch-angle cosine of the particle, this reso-
nance becomes a Dirac-function generating the transit-
time damping and the infinite harmonic series of gyrosyn-
chrotron resonances, as explained in the text.
It has long been appreciated, however, that these ide-
alized resonances are actually broadened to some degree
by various physical effects. In our case, the two major
causes of broadening are the finite lifetime of the turbu-
lent modes and the partial randomization of the pitch
angle of the particle. For the sake of the argument, we
treat each case separately.
If the linear eigenmodes are assigned a finite lifetime,
the mode frequency can be written ω = <ω − iγd|<ω|,
with γd > 0. The resonance function then takes on a
Breit-Wigner form,
Rk = 1
pi
γd|<ω|
(kµkµ−<ω + nΩ)2 + γ2d<ω2
, (A2)
whose finite width is directly governed by γd|<ω|.
The presence of net magnetic field fluctuations implies
that the pitch angle of the particle is modulated at all
times by a random quantity, which scales as some power
of the fluctuation. This consequently broadens the reso-
nance of particles with waves and permits, in particular,
transit-time damping to occur in slow mode turbulence
over a broad range of particle pitch angles; see Sec. III.
This effect has been introduced in the subrelativistic
regime in a number of studies, starting with Ref. [46];
see, e.g., Refs. [28,39] for recent implementations. Here,
we provide a detailed discussion of this effect in the rela-
tivistic limit, and emphasize the differences with respect
to these previous studies.
If the pitch-angle cosine µ of the particle be-
comes a random quantity, the ballistic propaga-
tor exp
[
i
(
k‖µ− ω + nΩ
)
∆t
]
can be approximated, to
second-order in the cumulant expansion of µ, by〈
ei(k‖µ−ω+nΩ)∆t
〉
' exp
[
i
(
k‖〈µ〉 − ω + nΩ
)
∆t
− 1
2
k2‖〈∆µ2〉∆t2
]
.
Consequently, the resonance function becomes
Rk = 1(
2pik2‖〈∆µ2〉
)1/2 exp
[
−
(
k‖〈µ〉 − ω + nΩ
)2
2k2‖〈∆µ2〉
]
,
(A3)
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and it is entirely characterized by 〈µ〉 and 〈∆µ2〉.
For strongly magnetized particles, meaning rgkmin 
1, these moments can be estimated using the conserva-
tion laws of the first adiabatic invariant and of the en-
ergy, which guarantee that
(
1− µ2) /B is a conserved
quantity along the trajectory. In this expression, µ rep-
resents the pitch-angle cosine as measured relative to the
direction of the total magnetic fieldB. It differs from the
standard pitch-angle cosine µ, which is defined relative
to the direction of the unperturbed field, by an amount
δB2⊥/2B
2
0 ∼ η/2(1− η).
Let us first consider the case η  1, as used in Secs. III
and IV to build an effective model of the anisotropic
Goldreich-Sridhar phenomenology, so that µ ' µ. Then,
as the particle travels from one coherence cell of the tur-
bulence, on scale k−1min, to another, its pitch-angle cosine
evolves from µ′ to µ′′, and to order η,
µ′′2 ' µ′2 − (1− µ′2)
(
∆δB‖
B0
+
1
2
∆δB2⊥
B20
)
, (A4)
where ∆δB‖ = δB′′‖ − δB′‖ represents the change in
the parallel component of the random contribution of
the magnetic field, and ∆δB⊥ = δB′′⊥ − δB′⊥ rep-
resents the change in its perpendicular component.
One important observation is that for slow modes,
∆δB‖/B0 ∼ [η/(1− η)]1/2
√
2/3, while for Alfve´n modes,
∆δB‖/B0 = δB‖ = 0. For simplicity, we rewrite the sec-
ond term in the rhs of Eq. (A4) as −(1 − µ2)δ in the
following, with δ ∼ η1/2 for slow modes and δ ∼ η for
Alfve´n modes. To go further, it proves convenient to split
the pitch-angle domain according to the sign, using here
the symmetry µ ↔ −µ of our estimates. We thus focus
here on µ > 0. Moreover, we distinguish escaping parti-
cles with initial pitch angle cosine larger than δ1/2 and
trapped ones.
The latter case corresponds to particles undergoing
mirror reflections. The pitch-angle cosine of such parti-
cles becomes randomized with 〈µ〉 ∼ δ1/2 and rms value
〈∆µ2〉1/2 ∼ δ1/2, as indicated by Eq. (A4). At values of δ
not far below unity, this scaling holds for most particles.
For particles inside the loss cone, meaning µ0 & δ1/2,
the pitch-angle cosine remains confined around the initial
value, 〈µ〉 ' |µ0|, to within ∆µ ' δ/|µ0|, since Eq. (A4)
then gives µ′′ ' µ′ − (1 − µ′2)∆δB‖/(2µ′B0) to lowest
order.
As a consequence, the resonance is significantly nar-
rower for particles with µ0 & δ1/2 than for those with
µ0 . δ1/2; hence, the pitch-angle averaged diffusion coef-
ficients are strongly dominated by particles in the former
range. We have checked this numerically as follows. We
first performed a numerical study of a stochastic sys-
tem that follows the evolution of the pitch-angle cosine
through Eq. (A4) step by step, accounting for mirroring
whenever it occurs, in order to derive accurate estimates
of 〈µ〉 and 〈∆µ2〉. We then incorporated these estimates
in the resonance function and computed the diffusion co-
efficients in various regimes of interest and compared the
obtained values.
In light of these studies, we find that the broadening
of the resonance can be modeled, to the level of accu-
racy that suits the lowest-order expansion Eq. (A3), by
assuming 〈µ〉 ' δ1/2 and 〈∆µ2〉1/2 ∼ δ1/2. For compari-
son, Ref. [39] uses 〈µ〉 = µ0 and 〈∆µ2〉 ∼ η1/4 ∼ δ1/2 for
all µ0, while Ref. [28] rather finds ∆µ ∼ η1/2 ∼ δ. Which
regime applies depends on η and µ0, as explained above.
Recall also that, for magnetosonic modes, δ1/2 ∼ η1/4;
hence, the amount of resonance broadening is significant,
even in low-amplitude turbulence.
APPENDIX B: NUMERICAL SIMULATIONS
1. Field prescription
The magnetic field is described as the sum of a static
and uniform magnetic field B0 and a turbulent compo-
nent δB, expressed as the superposition of Nk MHD
eigenmodes (pure fast, slow or Alfve´n modes) with wave
vector moduli between kmin and kmax. kmax is chosen so
that k−1max < rg. Given that most of the energy of the
turbulence is concentrated at the largest scales, the ex-
act value of kmax is not important and we typically take
kmax ∼ 100 r−1g , while we set the mode density to 128
per decade (which is rather conservative).
a. Isotropic fast mode turbulence
For pure isotropic fast mode turbulence simulations,
we draw Nk waves vectors with equally log-spaced norms
and random directions and build the magnetic perturba-
tions at the coordinates (t, r) in the plasma rest frame as
δB(t, r) =
Nk∑
i=1
δBFki cos(ki · r − ωit+ φi), (B1)
where ωi and δB
F
ki are obtained by injecting the wave
vector ki in the dispersion and polarization relations (2)
and (3), and φi is the random phase. The vectors are
normalized according to the chosen spectral scaling and
level of turbulence, namely for a Kolmogorov spectrum,
δb2ki =
2η
1− ηB
2
0
(
ki
kmin
)− 23 Nk∑
j=1
(
kj
kmin
)− 23−1. (B2)
In the same fashion, we compute from Eq. (4) the 4-
velocity perturbation3 as
3 For linear modes, there is no distinction between the 3-velocity
and the spatial part of the 4-velocity but for finite amplitude
modes, we treat δu as a 4-velocity to ensure that |δE| defined
by Eq. (B4) remains smaller than |δB|.
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δu(t, r) =
Nk∑
i=1
δuFki cos(ki · r − ωit+ φi), (B3)
so that the electric field can be built according to the
ideal MHD Ohm’s law
δE(t, r) = − δu(t, r)√
1 + δu2(t, r)
× [B0 + δB(t, r)]. (B4)
b. Anisotropic slow and Alfve´n mode turbulence
For slow and Alfve´n waves, we enforce approximately
the Goldreich-Sridhar scaling. The difficulty resides in
that we need ki to compute δB
S
ki (δB
A
ki), but the direc-
tion of ki depends on the direction of the local magnetic
field that we are trying to build, so a recursive proce-
dure would be required. For simplicity, we assume that
the direction of the local field can be approximated to
that of B0. This approximation is reasonable if the per-
turbation is small enough at the scales of interest, that
is, δB/B . k‖/k ∼
(
k‖/kmin
)−1/2
, which is increasingly
constraining as we move to smaller scales. We therefore
limit the dynamic range of these simulations and only
consider rgkmin & 10−2. For this limiting case and at
scales close to the resonance condition k‖ ∼ r−1g , we thus
should have δB/B . 0.1 or η . 10−2, which is the value
that we adopt.
Depending on whether we consider undamped or
damped waves, we use one of the following random field
construction method.
For undamped waves, the procedure to construct the
perturbed fields is essentially the same as the one de-
scribed above for fast mode turbulence. Nk wave vectors
are drawn with evenly log-spaced perpendicular compo-
nents between
√
2/3kmin and kmax along random direc-
tions in the plane perpendicular to B0 (in line with the
remarks of the precedent paragraph), while the parallel
components are defined as in Ref. [20],
ki‖ = ±
√
2
2
k
2/3
i⊥ k
1/3
min⊥. (B5)
For slow modes, we then take in combination with
Eqs. (11), (3), and (4),
δB(t, r) =
Nk∑
i=1
δBSki cos(ki · r − ωit+ φi), (B6)
δu(t, r) =
Nk∑
i=1
δuSki cos(ki · r − ωit+ φi), (B7)
with amplitudes scaling as
δb2ki =
2η
1− ηB
2
0
(
ki⊥
kmin⊥
)− 23 Nk∑
j=1
(
kj⊥
kmin⊥
)− 23−1,
(B8)
and construct the electric field as previously explained.
A similar method is employed for Alfve´n modes.
For simulations with modes of finite time correlation,
along the same lines as Ref. [47], we add, compared to the
previously described procedure, some pulsation spread-
ing around the solution ωki of the linear dispersion rela-
tion (11),
δB(t, r) =
Nk∑
i=1
Nω∑
j=1
δBSij cos(ki · r − ωijt+ φij), (B9)
δu(t, r) =
Nk∑
i=1
Nω∑
j=1
δuSij cos(ki · r − ωijt+ φij), (B10)
using the polarization given by Eqs. (3) and (4) for ki,
the corresponding ωki and the magnitude
δb2ij =
2η
1− ηB
2
0∆iXij
(
ki⊥
kmin⊥
)− 23
×
[∑
mn
∆mXmn
(
km⊥
kmin⊥
)− 23]−1
, (B11)
where ∆i is the constant logarithmic spacing of ωij at
fixed i and Xij is the function describing the decorrela-
tion of modes away from ωki and whose exact form is
model dependent. To make contact with our theoretical
calculations, we choose
Xij = γd|ωki |
pi
|ωij |
γ2dω
2
ki
+ (ωij − ωki)2
, (B12)
which is the Fourier transform of t 7→ eiωki t−γd|ωki |t,
and corresponds to the ”Nonlinear Anisotropic Dynam-
ical Turbulence” model of [47]. The pulsation cutoff is
chosen to be much larger than the linear pulsation (at
least 1000 |ωki |) and the mode density to at least eight
modes per decade.
2. Measurements
For a given physical setup and particle rigidity, a thou-
sand of ultrarelativistic particles are tracked, each in-
jected with a random initial pitch angle in a different tur-
bulence realization. The Bulirsch-Stoer integrator [48] is
used to evolve the positions r and 4-velocities Γβ in the
plasma rest frame, according to the equations of motion
dr
dt
= β,
dΓβ
dt
=
q
m
(δE + β ×B) ,
(B13)
where q and m are the electric charge and the rest mass
of the particle and B = B0 + δB is the total magnetic
field, constructed according to the procedure presented
above.
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For most simulations, the initial momentum distribu-
tion of the particles is a Dirac-delta function in the sim-
ulation frame so that all particles have the same initial
rgkmin in that frame. For fast mode turbulence simu-
lations with βF ≥ 0.7 (and η = 0.3), we also carried
out simulations such that the gyroradius distribution is
a delta function in the local rest frame of the fluid (in
which the motional electric field is initially zero) in order
to be closer to the situation described by our analytical
calculations. If r′g,0 = p
′
0/(qB
′) is the value of the gyro-
radius to be probed in that frame, then in the simulation
frame, we initialize the particles with a momentum
p0 =
p′0
γu(1− βuµu) =
q (B2⊥/γ
2
u +B
2
‖)
1/2
γu(1− βuµu) r
′
g,0, (B14)
where βu (γu) denotes the velocity (the Lorentz factor)
of the fluid at the initial position of the particle, µu is the
cosine of the angle its initial momentum makes with the
flow and B⊥ (B‖) is the perpendicular (parallel) compo-
nent of the local magnetic field. For these simulations,
we report the measurements of the diffusion coefficients
(Figs. 2 and 3) at an effective gyroradius that is defined
as the mean momentum, after any transient initial energy
kick, divided by qB0.
a. Pitch-angle diffusion coefficient
The pitch-angle diffusion coefficient is estimated by
computing the mean square pitch-angle displacement
〈[∆µ(t)]2〉/2t, where 〈. . .〉 denotes the average over the
particles, i.e., over the pitch angles and the turbulence
realizations. We fit 〈[∆µ(t)]2〉 using least squares to a
linear function at early times (but still larger than rg to
omit the ballistic regime) and identify Dµµ to one-half of
the slope of the fitting function. One limitation is that
irrespective of the energy dependence of the diffusion co-
efficients, 〈[∆µ(t)]2〉/2t eventually displays a subdiffusive
behaviour as t increases due to the bounded nature of
∆µ(t) and a well-defined plateau cannot always be ob-
served.
These results were cross-checked against another es-
timation relying on the pitch-angle correlation function
〈µ(t)µ(0)〉, where the data are fitted against a decaying
exponential model ∝ exp(−t/tscatt) and Dµµ is estimated
as 1/tscatt. Most results were found to differ by a factor
of a few4 (see, for instance, Fig. 14), although for a few
simulations (namely that of fast modes with βF & 0.7,
rgkmin & 1), the data are not well fitted by an expo-
nential model. We also note that this method requires
longer computation times than when using the running
displacement.
4 In details, when derived from the correlation function, Dµµ is
found to be ≈ 3 times larger for fast modes, ≈ 4 times larger for
Alfve´n modes, ≈ equal for damped slow modes, and ≈ 1.7 times
smaller for undamped slow modes.
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FIG. 14. From top to bottom, pitch-angle correlation func-
tion; pitch-angle mean square displacement; standard devia-
tion of the distribution of p, ratio of the mean Lorentz factor
to its initial value, as a function of time, for the simulation
of damped Alfve´n modes at the smallest rigidity. The red
dashed lines indicates the results of the fits discussed in the
text.
b. Momentum diffusion coefficient and acceleration
timescale
In a similar fashion, the pitch-angle averaged momen-
tum diffusion coefficient is evaluated from the dispersion
of the energy distribution with Dpp set to the slope of the
linear fit of σ2p(t)/2 where σp is the standard deviation
of the distribution of p at early times. For subrelativistic
simulations, this is equivalent to using the mean square
displacement around the initial value 〈[∆p(t)]2〉/2t. For
relativistic setups, particles are subject to a quick initial
increase of energy due to some first order Fermi accel-
eration; hence, using 〈[∆p(t)]2〉/2t would lead to over-
estimating Dpp. This initial acceleration moreover im-
plies that we do not measure the diffusion coefficient
for the initial rgkmin but rather a slightly larger value
(approximately, 1.4 larger for βA = 0.7 and 1.6 larger
for βA = 0.9, when the particle momentum distribution
is initialized in the simulation frame). Finally, we note
that the energy distribution is not always well described
by a Gaussian, e.g., Refs. [20,28]. In particular, for un-
damped slow modes turbulence in which there are two
different populations of particles (those sensitive to reso-
nance broadening and those which are not), the distribu-
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FIG. 15. Histograms of p at t ≈ 103rg for particles injected
in isotropic fast mode turbulence (top) and undamped slow
mode turbulence (bottom). The data at times within ±1% of
each other were used to increase the number of events (5120).
The red dashed lines depict the normal distributions corre-
sponding to the mean and variance values of the data.
tions display large wings (see, for instance, Fig. 15), and
the above described procedure leads to overestimating
the acceleration efficiency.
In light of this last remark, the pitch-angle cosine aver-
aged acceleration timescale is not derived from Dpp but
defined as the time when the average Lorentz factor has
doubled, 〈Γ(tacc)〉 = 2Γ0. Both approaches lead to simi-
lar results for most simulations anyway5.
APPENDIX C: POWER SPECTRUM OF
ELECTRIC FIELD FLUCTUATIONS
IN WAVE TURBULENCE
In a pair plasma, inertia effects appear in the Ohm’s
law and generate the following extra electric field com-
ponent [49],
δE× ' ∂
∂t
( w
2e2n2
δj
)
, (C1)
emphasizing that δE× is here measured in the plasma
rest frame; w represents the enthalpy density, n is the
5 In details, for rgkmin < 1, 2taccDpp/p
2 takes the following val-
ues. For fast modes, ≈ 0.4 at βA = 10−2, ≈ 0.5 at βA = 10−1,
and ≈ 2 at βA ≥ 0.7. For undamped and damped Alfve´n modes,
≈ 0.7 and ≈ 0.5, respectively. For undamped and damped
slow modes, ≈ 4 and ≈ 0.4, respectively. For rgkmin ≈ 1,
1 . taccDpp/2p2 . 1.5, regardless of the turbulence type.
number density, and δj is the total current density. In
Fourier space, relating δj to δB to lowest order in ω/k,
we obtain for this extra electric field component,
δE×k = κ
ω
4piω2p
k × δBk, (C2)
where κ =
[
1 + Tm
Γˆ
Γˆ−1
]
, Γˆ denotes the adiabatic index
and, T is the temperature. The scaling δE× ∝ ωkδBk
confirms that the parallel electric field power is maximum
on the smallest length scales of the turbulent cascade.
Although each component of this small-scale elec-
tric field is orthogonal to the corresponding magnetic
field component in Fourier space, this is no longer the
case once the sum over k is performed. More specif-
ically,
〈
δE× ·B0
〉
= 0 and
〈
δE× · δB〉 = 0 for all
modes, but
〈(
δE× ·B0
)2〉 6= 0 and 〈(δE× · δB)2〉 6= 0
for Alfve´n polarization, while
〈(
δE× ·B0
)2〉
= 0 but〈(
δE× · δB)2〉 6= 0 for magnetosonic modes.
Using the polarization of each mode and the corre-
sponding spectrum described earlier, one can calculate
the rms parallel electric field δE‖ =
〈
(δE× ·B)2〉1/2/B,
recalling that B = B0 + δB.
For an isotropic cascade of fast modes, we derive
δEF‖ '
κ
4pi
√
30
βF η
k
5/3
maxk
1/3
min
ω2p
B. (C3)
For a Goldreich-Sridhar cascade of slow modes,
δES‖ '
κ
16pi
βS η
k
4/3
maxk
2/3
min
ω2p
B. (C4)
Finally, for a Goldreich-Sridhar cascade of Alfve´n
modes, we obtain
δEA‖ '
κ
8pi
βA
kmaxkmin
ω2p
×B
[√
2
3
η +
√
η(1− η)
(
kmax
kmin
)1/3]
. (C5)
The second term in brackets corresponds to the compo-
nent parallel to B0.
In the case of electron-ion plasmas, the above correc-
tions are completed by the Biermann battery term, which
provides the additional electric field
δE×k = ik
δpek
n
(C6)
in terms of the electron pressure fluctuation δpek. Us-
ing δpek ∼ Γˆ Tempk · δβk/ω, as applies to linear magne-
tosonic modes, we find here as well that the power of
δE‖ peaks at small scales. Its contribution is dominated
by the product δE×k ·B0, which gives
δEF‖ '
Γˆ√
6
Te
mp
k
2/3
maxk
1/3
min
ωci
√
η(1− η)B (C7)
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for fast modes and
δES‖ '
Γˆβ2S
2
√
2β2s
Te
mp
k
1/3
maxk
2/3
min
ωci
√
η(1− η)B
×
[
2
√
2 +
√
η
1− η
(
kmax
kmin
)1/3]
(C8)
for slow modes, in terms of ωci = qB/(mpc), the proton
cyclotron frequency.
The various dependencies on kmax of the above esti-
mates provide the scale dependence of the correspond-
ing electric field; i.e., if the spectral index of the (one-
dimensional) power spectrum of δE‖ is qE , meaning
k2〈|δE‖k|2〉 ∝ k−qE , then δE‖ ∝ k
(1−qE)/2
max , assuming
qE < 1. In detail, Eq. (C3) for fast modes leads to
qE = −7/3, Eq. (C4) for slow modes leads to qE = −5/3,
and Eq. (C5) for Alfve´n modes leads to qE = −1. Equiv-
alently, the parallel electric field rms strength on a given
scale k scales as δE‖
∣∣
k
∝ k(1−qE)/2, to be contrasted with
a typical δE|k ∝ k−1/3 for the MHD component. Conse-
quently, the parallel electric field energy may represent a
non-negligible contribution to the total electromagnetic
energy density, but in all cases studied above, its power
is strongly suppressed on the largest scales.
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